Let L be a number field. For a given prime p we define integers α L p and β L p with some interesting arithmetic properties. For instance, β L p is equal to 1 whenever p does not ramify in L and α L p is divisible by p whenever p is wildly ramified in L. The aforementioned properties, although interesting, follow easily from definitions; however a more interesting application of these invariants is the fact that they completely characterize the Dedekind zeta function of L. Moreover, if the residue class mod p of α L p is not zero for all p then such residues determine the genus of the integral trace.
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Introduction
Let L be a number field and let p be a prime. In this paper we define three arithmetic invariants of L attached to the prime p. The first two Although the above characterization is neat the first and second ramification invariants capture a lot more about the arithmetic of the number field than only a recipe for ramification. Recall that two number fields are called arithmetically equivalent if and only their Dedekind zeta functions coincide. As it turns out the knowledge of these invariants determines the arithmetic equivalence of the field, more precisely:
Integral trace It is important to realize where do these invariants come from, and they are not just only an arbitrary combination of ramification and residue degrees. They appear naturally when trying to understand the local behavior of the integral trace; one sees them in the Jordan decomposition of the integral trace form over the p-adic integers. Moreover, in the absence of wild ramification the first ramification invariant determines the local structure of the trace:
Theorem (Cf. Theorem 3.14). Let K, L be two number fields with the same degree. Let p be an odd prime and suppose that the discriminant of K is equal to that of L up to squares in (Z p ) * . Moreover, suppose that p is not wildly ramified in either K or L. Then, the integral trace forms of K and L are isometric over Z p if and only if
In the past we have used these invariants for the purpose of the classification of the isometry class of the integral trace, see for instance [Man1, Man] . In this paper we show that they have also some other applications as for example the ones given in Theorem 2.5 and Proposition 2.4.
Notation and definitions
We summarize here the most important notation used in the paper.
• Throughout the paper whenever we say rational prime we refer to the usual integer primes together with the prime at infinity which, as Conway does [C-S, Chapter 15, §4], we denote by −1. Explicitly, a rational prime p will denote an element of the set {2, 3, 5, 7, ...} ∪ {−1}.
• For a ∈ Q p we have that v p (a) is the usual p-adic valuation if p = −1, and for p = −1 we have that v −1 (a) = sign(a)
• Given a 1 , ..., a n elements of a ring R -which in practice will be a maximal order on a number field or a local field-the R-isometry class of a quadratic form a 1 x 2 1 + ... + a 1 x 2 n will be denoted by a 1 , ..., a n . Whenever there is a possible ambiguity in the ring of definition of an isometry between two quadratic forms we will write ∼ = R to make it clear that the forms are considered to be over R.
• The form e 1 , ..., e 1 , e 1 (−1)
is to be understood to be −e 1 , −e 1 u p in the case f 1 = 2.
• The isometry class of the binary integral quadratic form 2xy over Z 2 , the hyperbolic plane, will be denoted by H.
The invariants
Given L a number field and p a rational prime we denote by g L p the number of primes in O L lying over p. Furthermore, let us denote by
When the field L is clear from the context we will denoted the ramification (resp, residue) degrees only by e i (resp, f i ) instead of e i (L) (resp, f i (L)).
Definition 2.1. For all prime p we define the integer u p as follows 
Äö Proof. This is clear from the definitions.
It follows from (b) above that the set of first ramification invariants determines L whenever L/Q is Galois. More generally we have:
Theorem 2.5. Let K, L be number fields of the same degree over Q. The following are equivalent:
Proof. Since the equivalence is up to a set of primes of zero density we may assume that we are dealing with unramified primes. Since for an unramified prime p the number f L p is equal to the degree of L/Q then, since K and L have the same degree, the equality
Hence the result follows from [Man2, Theorem 1.2]
of the first ramification invariants of the field L is a finer invariant than the Dedekind zeta function ζ L (s). In other words there exists a pair of arithmetically equivalent number fields
Proof. Thanks to Theorem 2.5 we see that if
On the other hand consider the number fields K and L defined respectively by the polynomials f := x 7 − 3x 6 + 4x 5 − 5x 4 + 3x 3 − x 2 − 2x + 1 and g := x 7 − x 5 − 2x 4 − 2x 3 + 2x 2 − x + 4. These two arithmetically equivalent fields give a negative answer to a question asked in [PS] regarding A.E fields with different ramification indices (See [Man3, Theorem 3.7] ). A calculation shows that α K 2 = 100 and
Remark 2.7. In the example given above the prime p = 2 is the only prime for which α K p and α L 2 differ. This follows since K and L are arithmetically equivalent fields of discriminant 2 6 691 2 and α K 691 = 8 = α L 691 .
The quadratic form
The final invariant we define is an integral quadratic form. As we will see below this form is p-adically, at least in the absence of wild ramification, determined by the first ramification invariant.
Definition 2.8. Let L be a number field and let p be a prime, including p = −1. The integral quadratic form a L p as follows:
Notice that α L p is equal to the determinant of the form a L p , in particular α L p is determined by the isometry class of a L p . Conversely, in the absence of wild ramification the form a L p is completely determined by α L p over the p-adic integers. More explicitly:
Lemma 2.9. Let L be a number field and let p be an odd prime. Suppose that p is not wildly ramified in L. Then as Z p quadratic forms we have
Proof. This follows from [Ca, VIII, §3, Lemma 3.4 ].
Relation to other arithmetic invariants
As we have seen the (α, β) invariants form a finer invariant than the Dedekind zeta function, and in the absence of wild ramification they also characterize the genus of the integral trace. It is natural to wonder whether there is a relation to other known arithmetic invariants of number fields. The first invariant that comes to mind is the ring of Adeles. Since the ivariants defined here are written in terms of the residue and ramification degrees the following is an inmediate consequence of [Iw, Lemma 7] . See also [Ko, Lemma 1] .
Theorem 2.10. Let K, L be number fields. Suppose that as topological rings
Then, for every prime p we have that
A natural question that comes to mind is:
Question 2.11. Does the converse to Theorem 2.10 hold?
It turns out that the answer is no.
Lemma 2.12. There are number fields K and
Proof. Consider the number fields K and L defined respectively by the polynomials x 8 − 3 and
. Since K and L are arithmetically equivalent α K p = α L p for every unramified prime p and for p = −1. Since the only ramified primes are p = 2, 3 it suffices to show that α K p = α L p for such primes. A calculation shows that both primes are totally ramified in each field hence
In other words Lemmas 2.6, 2.12 and Theorem 2.10 tell us that there are implications between the strength of the invariants
and that in general such implications can not be reversed.
Integral trace form and its local representation
Let L be a number field and let O L be its maximal order. The integral trace form is the integral quadratic form given by
A local description of the form q L was first obtained in the case of tame abelian and of odd degree L by Maurer [Mau] . A broad generalization to Maurer's work for tame number fields was obtained by Erez, Morales and Perlis. Suppose p is a rational prime which is at worst tamely ramified in L. In [EMP] the authors find a Jordan decomposition of the integral trace form q L when viewed as a form over Z p . In terms of the invariants defined in this paper their result can be stated as follows: Theorem 2.13. Let L be a degree n number field. Let p be a rational prime which is not wildly ramified in
(See Definition 3.12 for the value of the p-adic integer ν L p .) As we mentioned above Theorem 2.13 is not original to us, and even though most of the tools we use in our proof differ from the ones in [EMP] , we follow their main strategy to prove Theorem 2.13. We have made all of the calculations very explicit to keep track of how the ramifications we defined came into existence. A particular instance where our approach is different to the one in [EMP] is the case p = 2. Furthermore, the element ν L p is also new in our presentation since in the original result a small error lead to such term to disappear.
The origings of the (α, β) invariants.
To see where these invariants come from we begin by reviewing the local integral trace.
The core idea here is to reduce the problem of localizing the integral trace at p to calculating the integral trace of a finite extension of Q p . Suppose that L is a number field and let p be a rational prime. Then, the localization of the integral trace has an orthogonal decomposition as the sum of integral traces of finite extensions of Q p . More explicitly, if
The above decomposition is easily obtained for the rational trace form, see [Ne, Chapter II, (8.4 
Local integral trace form
Let K/Q p be a finite extension with at worst tame ramification. To determine the Z p -integral trace form tr K/Qp (x 2 ) | O K , we first find expressions for two integral traces depending on a convenient intermediate extension F .
By choosing F carefully one can deduce the shape of the forms tr K/F (x 2 ) | O K and tr F/Qp (x 2 ) | O F , and then recover tr K/Qp (x 2 ) | O K by pasting together the above forms. The most natural choice for F is Q un p ∩ K, the maximal unramified sub-extension of K/Q p . Since K/Q p is tame, the extension K/F is a totally ramified tame extension and such extensions have a very simple description. On the other hand, F/Q p is the unique unramified extension of Q p of degree [F : Q p ], moreover it is cyclic, hence it is also a very "nice" extension.
An intermediate extension
Here we start by studying the trace form on the top extension, i.e., tr K/F (x 2 ) | O K . 
Proof. Since K/F is totally ramified and tame there exists π, a uniformizer for O K , with minimal polynomial of the form x e − π F , where π F is a uniformizer of O F , and such that
be a primitive root of 1, and let m be a non-negative integer. Then,
On the other hand if 0 i, j e − 1 the only times that i + j is a multiple of e is whenever i + j = 0 (i.e., i = j = 0) or when i + j = e. Since π e = pµ F we have that
for all 0 i, j e − 1. In other words T B is the Gram matrix of the trace in the basis B = {1, π, ..., π e−1 }.
F e e−1 (−1) ⌊ e−1 2 ⌋ .
(a) Since p = 2, every form over O F is diagonalizable. Furthermore, every form over
F e e−1 (−1) ⌊ e−1 2 ⌋ and
Since e is odd we have that eµ F ∈ O * F . In particular, the transformation
shows that T ∼ = 2s 1 t 1 + 2s 2 t 2 + ... + 2s e−1
.
From the intermediate extensions to the total extension
Now that we know the Jordan decomposition of tr K/F (x 2 ) | O K , we show how with this and with the Jordan decomposition of tr F/Qp (x 2 ) | O F , one can deduce the shape of tr
Lemma 3.4. Let K/F be an extension of p-adic local fields of degree e. Suppose that there are α 0 , ..., α e−1 ∈ O F such that
Then, we have that
where tr
F/Q denotes the scaled trace form. In particular, we have
(a) Let p = 2. By hypothesis there is a basis {w 0 , w 1 , w 1 , ..., w e−1
2
, w e−1
where W i =: span O F {w i , w i } , w 0 := w 0 and the direct sum is an orthogonal decomposition respect to the form q K/F . Furthermore, q K/F | W 0 = α 0 in the basis {w 0 } and q K/F | W 0 = 2 ⊗ H in the basis {w i , w i }. By the transitive property of the trace we have that the Z p -modules W i , W j are orthogonal with respect to q K . Hence,
Finally let {v 1 , ..., v f } be a Z p -basis for O F , and suppose i > 0. Let {e 1 , ..., e 2f } be the Z p -basis for O K given by {v 1 w i , ..., v f w i , v 1 w i , ..., v f w i }. Using the transitive property again we have that tr K/Qp (e k e l ) = 0 = tr K/Qp (e k+f e l+f ) and that tr K/Qp (e k+f e l ) = 2tr 
Proof. This follows immediately from Theorem 3.3 and Lemma 3.4.
Maximal unramified extension
Here we start by studying the trace form on the bottom extension, i.e., tr Proof. This is an elementary result which we leave to the reader.
Proposition 3.7. Let p = 2. Let F/Q p be the unique unramified extension of degree f , and
By Lemma 3.6 we have that d = 1 if and only if f is odd. Conversely, if f is even
Remark 3.8. Notice that by the same argument used above, we have that d = u f −1 p for p = 2.
Proof of Theorem 2.13
We recall the statement of the theorem.
Let L be a degree n number field. Let p be a rational prime which is not wildly ramified in L. Then, Proof. This follows from Theorem 3.10 since 
Proof. The result follows from Theorem 3.14 and [Man, Lemma 2.1].
Interesting well known consequences
The following standard results can all be obtained as consequences of Theorem 2.13.
Corollary 3.15.
(a) For every number field L we have that
Hence, in the case p = −1 the above formula is the well know result of O.Tauski [Ta] : 
